We analyse exact enumeration data and Monte Carlo simulation results for a self-avoiding walk model of a polymer confined between two parallel attractive walls (plates). We use the exact enumeration data to establish the regions where the polymer exerts an effective attractive force between the plates and where the polymer exerts an effective repulsive force by estimating the boundary (zero-force) curve. While the phase boundaries of the phase diagram have previously been conjectured we delineate this further by establishing the order of the phase transitions for the so-called "infinite-slab" (that is, when the plates are a macroscopic distance apart). We conclude that the adsorption transitions associated with either plate are similar in nature to the half-space situation even when a polymer is attached to the opposite wall. The transition between the two adsorbed phases is established as first-order. Importantly, we conjecture a scaling theory valid in the desorbed and critically adsorbed regions of the phase diagram and demonstrate the consistency of the Monte Carlo data with these hypothesises by estimating the corresponding scaling functions.
Introduction
The effects of geometrical constraints on the thermodynamic properties of polymers are important for a variety of reasons. Because of the ability to micromanipulate individual polymer molecules using AFM or optical tweezers (see for instance [1]) there is considerable interest in the response of polymers to an applied force. In addition such constrained systems are crude models for steric stabilization and sensitized flocculation of colloidal dispersions [2] .
Polymers between two parallel confining planes, where the monomers can interact with the two planes, have been studied since the seminal work on a random walk model by DiMarzio and Rubin [3] . A directed walk model closely related to Dyck paths was investigated by Brak et al [4] where the phase diagram was worked out for infinite walks between two parallel lines where the distance between the lines is very large. Depending on the interaction parameters with the two lines the phase diagram has regions of long range repulsion, short range repulsion and short range attraction. The corresponding self-avoiding walk model was investigated by Wall et al [5] who determined exact values for the entropy in two dimensions when the confining lines are very close together (see also [6, 7] ). Stilck and Machado have studied the attractive walls case in two dimensions using transfer matrix techniques [8] . See also [9] . The phase diagram for the self-avoiding walk model was investigated numerically by Janse van Rensburg et al [10] and bounds on the region where the force is repulsive were determined rigorously [11] . In this paper we report a numerical study of the phase diagram for the self-avoiding walk model, using a mixture of exact enumeration and series analysis, and Monte Carlo techniques. This is an extension of the work described in [10] . In particular we focus on locating the zero force curve and on establishing the existence of regions of long range repulsion, short range repulsion and short range attraction in the phase diagram. We also conjecture a scaling theory valid in the desorbed and critically adsorbed regions of the phase diagram. We then test these conjectures with Monte Carlo data and consequently estimate finite-size scaling functions in these regions.
Consider the simple cubic lattice with coordinate system (x, y, z) so that each vertex has integer coordinates. Consider n-edge self-avoiding walks starting at the origin with vertices numbered j = 0, 1, 2, . . . n and with the jth vertex having integer coordinates (x j , y j , z j ). We shall be interested in such walks confined so that 0 ≤ z j ≤ w for fixed w. Let the number of such walks be c n (w). It is known that the limit
exists and that κ(w) is strictly increasing in w [12] . If we keep track of how many vertices are in each of the two planes z = 0 and z = w we can define the partition function
where c n (u + 1, v; w) is the number of n-edge self-avoiding walks, starting at the origin, confined between the two planes z = 0 and z = w, with u + 1 vertices in z = 0 and with v vertices in z = w. We know that the limit defining the free energy
exists [11] and we are interested in the w-dependence of κ(a, b; w) for various values of a and b. We would also like to know the singularities in κ(a, b; w) in the infinite w limit since the loci of these singularities determine the phase diagram in the We know rigorously [11] that the force is repulsive if a ≤ 1 or if b ≤ 1 and we also know that it is repulsive if ab ≤ a c where a c is the critical value for adsorption in the single surface problem. The value of a c is not known exactly but reliable numerical estimates are available [13] .
Exact enumeration and series analysis results
We have exactly enumerated self-avoiding walks with up to 22 edges and extracted the values of c n (u+1, v; w) for n ≤ 22 and w ≤ 8. We constructed the corresponding partition functions Z n (a, b; w) defined in (1.2) and estimated κ(a, b; w) by ratio analysis methods, assuming that Z n (a, b; w) = An h µ(a, b; w)
which, under the above assumptions, behaves as
Of course, we expect confluent correction terms which will upset the functional form in (2.2) but we are not concerned here with making very accurate estimates of µ(a, b; w). We shall be content with the observed trends in the behaviour as a, b
and w are varied.
In Figure 1 we show the ratio plots for a = 1, b = 1 and for a = 2, b = 1, for w from 4 to 8. That is, we plot R n (a, b; w) against 1/n and we expect the intercept to be µ(a, b; w). behaviour is consistent with a scaling argument due to Daoud and de Gennes [14] and with the behaviour found for a directed walk model [4] for a < a c , b < a c .
Similarly the behaviour at a = 2, b = 1 suggests an exponential decay of the force as found for a directed walk model for a > a c , b < b 0 (a) where b = b 0 (a) is the zero force curve [4] .
Because the R n (a, b; w) curves discussed above are very close together we present the data in another way. Let Q n (a) be the partition function for the halfspace problem, ie for the problem of adsorption at a single impenetrable surface.
That is, define the individual ratios relative to the values for the half-space problem, which changes the scale and separates the curves for different w. which are negative, and approaching zero as w increases, correspond to a repulsive force. These modified ratio plots are also shown in Figure 1 .
In Figure 2 we show the corresponding ratio plots for a = 2, b = 2 and for so the force is attractive and the weak w-dependence is consistent with exponential decay of the force as found for a directed walk model [4] . For the directed case the behaviour on the diagonal is predicted to be different from that elsewhere in the attractive regime, and this is seen clearly in Figure 2 . The modified ratio plots (ie By repeating this type of analysis elsewhere in the (a, b)-plane we can identify the transition from repulsive to attractive behaviour, ie the zero force curve. Our estimate of this curve is shown in Figure 3 . We also show the bound on the boundary of the repulsive regime which is known rigorously. The square with vertices (0, 0) and (a c , a c ), and the line b = a are also shown. The estimated curve appears to have asymptotes a = 1 and b = 1 and the curve passes through or close to the point (a c , a c ).
Scaling theory
In this section we present scaling hypotheses for the free energy and the force between the plates in the high temperature and critical regimes a, b ≤ a c . In these regimes the force is expected to be of a power law type as a function of the width. We do not expect standard scaling arguments to hold in the low temperature regimes where the force is predicted to be fall off exponentially in the width.
We begin by defining the finite-size free energy κ n as
so that the thermodynamic limiting free energy discussed above, κ(a, b; w), is given by the infinite length limit given in (1.3).
There is a second double limit of the finite free energy, κ n (a, b; w), where the length and width limits are exchanged. This more traditional case gives us the halfspace model. That is, since we are considering self-avoiding walks that are attached to the surface where the sites are weighted with the Boltzmann weight a the limit of large width for fixed length is independent of the Boltzmann weight b. The partition function then simply becomes that of a self-avoiding walk attached to the surface in a half-space. Hence if we definē
then the infinite length limit ofκ n (a) gives us the thermodynamic free energy, denotedκ(a), of the half-space.
Accordingly the standard scaling hypothesis for self-avoiding walks attached to a surface in the half-space predicts
3)
The value of g depends on whether a < a c or a = a c . For a < a c the exponent g is often denoted by γ 1 − 1 and in three dimensions has been estimated as −0.32 [18] .
For a = a c the exponent g is often denoted by γ 1,s − 1 and is only known roughly as 0.5(2) [18] .
It has been previously proved [19] thatκ(a), the half-space thermodynamic limit free energy, is constant for a ≤ a c and is given by the value log µ(3), that is, the logarithm of the growth constant for unconfined self-avoiding walks in three dimensions.
One expects that the exponent h, defined by the relation Z n (a, b; w) ∼ An h µ(a, b; w) n for the scaling of the finite slab partition function, takes on the twodimensional value of γ − 1 at fixed width w, where γ is the unconstrained entropic exponent, and so h then is conjectured to be 11/32 [20] . Note in passing that for a > a c the half-space exponent g is also expected to take on this value as it is bound closely to the surface. Again, standard scaling gives
Also important here is the fact that for a, b ≤ a c one expects that κ(a, b; w) → log µ(3) =κ(a) as w → ∞: this was explicitly found in the exactly solved case [4] .
This fixed width scaling (3.4) can be reconciled with the infinite width scaling (3.3) using the hypothesis of a scaling function in an appropriate scaling variable.
Since walks in a half-space typically extend out from the surface an amount proportional to n ν where ν is the three-dimensional value of the radius of gyration exponent one can conjecture that this scaling variable should be n ν /w.
Hence we conjecture the scaling form of the free energy to be
with n ν /w fixed, and the scaling function K(x) obeying
and
with c and d being generic constants here and below -note that d is a nonuniversal factor. It is important to understand that the scaling function depends on whether the underlying infinite-slit system is critical or not as the temperature is varied. Hence there are four different scaling functions: one for a, b < a c , one for a = a c , b < a c , one for a < a c , b = a c and one for a = a c , b = a c .
We note that the conjectured scaling form is an expansion about the half-space limit. Of course it would be also reasonable to conjecture a scaling form that is an expansion about the infinite-slit, as in
Without going into detail we found that it was more difficult to match this two variable scaling form with the single variable scaling limits.
By using the definition of the force F n (a, b; w) induced by the polymer between the plates as
we can conjecture a scaling form for the force as
where
Hence the force between the plates with an "infinite" length polymer (F (a, b; w) = lim n→∞ F n (a, b; w)) between them scales as
All this is consistent with the older scaling theory [14] .
Monte Carlo results
We have used FlatPERM [16] The expected infinite-slab phase diagram, which was schematically conjectured in [10] , is displayed in Figure 4 , along with the four lines along which simulations were undertaken. For a and b below the half-space adsorption critical point a c ≈ 1.33
(value taken from [13] ) the polymer is desorbed. We plot these quantities divided by the length of the polymer. We see that the peak heights of the fluctuations are growing weakly with n. Along with consideration of the distributions of contacts of the polymer with the walls which display a single peak (when considered at the parameter values of the specific heat peak) we conclude that this transition (in the infinite w limit) is second-order with a crossover exponent near 0.5 (and so a specific heat exponent near 0) -we can provide no reasonably precise estimate of the crossover exponent however. This is in accord with the proposal that both the transitions are second-order transitions of the same type and being of the same type as the half-space adsorption transition.
At width 20 we estimate the position of the pseudo-transition to be at a = 1.38 (4) and we observe that the peaks of the specific heat move to lower values of a as the width is increased: this is in accord with the estimates of the half-space adsorption transition at around 1.33. we found that data collapse was best using an estimate for γ 1,s − 1 = 0.25 which is just outside the value computed by DeBell and Lookman [18] .
While K is monotonic at points A and C, we find that it is distinctly unimodal at point B. We conclude that at points A and C, the polymer exerts a repulsive force on the plates at all lengths and widths. Whereas at point B we see that there is a combination of length and width such that the free energy has derivative (with respect to w) equal to zero.
At point A the interactions with both confining planes are repulsive and the entropy loss due to confinement leads to a repulsive force. Point C corresponds to a critical value of the attraction at the plane where the walk is tethered and there is no attractive force with the other plane, so the force is repulsive. At point B the walk is tethered to one plane but attracted to the other. If n → ∞ at fixed w it is known rigorously that the force is repulsive (Janse van Rensburg et al 2006)
and this corresponds roughly to the case where n ν /w >> 1. If n ν << w the walk extends to allow vertices in the top plane and this leads to an attractive force. 
Discussion
We 
